We demonstrate that pulses of linear physical systems, weakly perturbed by nonlinear dissipation, exhibit soliton-like behavior in fast collisions. The behavior is demonstrated for linear waveguides with weak cubic loss and for systems described by linear diffusion-advection models with weak quadratic loss. We show that in both systems, the expressions for the collision-induced amplitude shifts due to the nonlinear loss have the same form as the expression for the amplitude shift in a fast collision between two optical solitons in the presence of weak cubic loss. Our analytic predictions are confirmed by numerical simulations with the corresponding coupled linear evolution models with weak nonlinear loss. These results open the way for studying dynamics of fast collisions between pulses of weakly perturbed linear physical systems in an arbitrary spatial dimension.
I. INTRODUCTION
Solitons, which are stable shape preserving traveling-wave solutions of nonlinear wave models, appear in a wide range of fields, including hydrodynamics [1] , condensed matter physics [2] , optics [3, 4] , and plasma physics [5] . The robustness of solitons in soliton collisions, i.e., the fact that the solitons do not change their shape in the collisions, is one of their most fundamental properties [1] [2] [3] . This property is often associated with the integrable nature of the corresponding nonlinear wave models [1] .
Another major property of solitons is manifested during fast inter-soliton collisions, i.e., during collisions for which the difference between the central frequencies (and group velocities) of the solitons is much larger than the soliton spectral width. This important property concerns the simple scaling relations satisfied by the soliton parameters, such as position, phase, amplitude, and frequency during fast collisions. It holds both in the absence of perturbations and in the presence of weak perturbations to the integrable nonlinear wave model.
For example, the phase and position of fundamental solitons of the nonlinear Schrödinger (NLS) equation exhibit a shift during a two-soliton collision [1] . For fast collisions, the collision-induced phase and position shifts of soliton 1, for example, scale as η 2 /|∆β| and −η 2 /∆β 2 , where η j with j = 1, 2 are the soliton amplitudes, ∆β = β 2 − β 1 , and β j with j = 1, 2 are the soliton frequencies [1, 6, 7] . Furthermore, during fast collisions in the presence of weak cubic loss, solitons of the NLS equation experience amplitude and frequency shifts that scale as −ǫ 3 η 1 η 2 /|∆β| and −ǫ 3 η 2 1 η 2 /∆β 2 for soliton 1, where ǫ 3 is the cubic loss coefficient [8] . Similar simple scaling relations hold for fast two-pulse collisions of NLS solitons in the presence of other weak perturbations, such as delayed Raman response [7, [9] [10] [11] [12] [13] , and higher-order nonlinear loss [14] .
The simple scaling relations of collision-induced changes in soliton parameters are often associated with the shape preserving and stability properties of the solitons [7, 8, 14] . Since the latter two properties are related with the integrability of the nonlinear wave model, one might also relate the simple scaling behavior in fast two-soliton collisions to the integrability of the model. In contrast, one expects very different behavior in collisions between pulses that are not shape preserving, since changes in pulse shape or instability might lead to the breakdown of the simple dynamics observed in fast two-soliton collisions. The latter expectation should certainly hold in linear physical systems that are weakly perturbed by nonlinear dissipation, since the pulses of the linear systems are in general not shape preserving [3, 15, 16] . For this reason, it is often claimed that conclusions drawn from analysis of soliton collisions cannot be applied to collisions between pulses of weakly perturbed linear systems [3, 4, 8, 15, [17] [18] [19] ].
In the current paper, we show that the point of view of fast collisions between pulses that are not shape preserving, described above, is erroneous. More specifically, we demonstrate that pulses of linear physical systems, weakly perturbed by nonlinear dissipation, exhibit simple soliton-like scaling behavior. The behavior is demonstrated for two major examples:
(a) linear waveguide systems with weak cubic loss; (b) systems described by linear diffusionadvection models with weak quadratic loss. For both systems, we show that the expressions for the collision-induced amplitude shifts due to the nonlinear loss have the same form as the expression for the amplitude shift in a fast collision between two optical solitons in the presence of weak cubic loss. We validate our analytic predictions by numerical simulations with the corresponding perturbed coupled linear evolution models. Our results open the way for studying dynamics of fast collisions between pulses of weakly perturbed linear physical systems in an arbitrary spatial dimension, which is typically impossible for collisions between solitons in systems described by NLS models due to the instability of the solitons in dimension higher than one [1] .
The calculation of the collision-induced amplitude shift in the current paper is based on a generalization of the the perturbation technique, developed in Refs. [18, 19] for calculating the effects of weak perturbations on fast collisions between NLS solitons. This perturbation technique was first used to calculate the effects of weak conservative perturbations, such as third-order dispersion [18, 19] and quintic nonlinearity [20] on fast two-soliton collisions.
Later on it was shown that the perturbation technique can also be used for calculating the effects of weak dissipative perturbations on fast soliton collisions [7, 8, 12, 14] . In the current paper we further generalize and extend the perturbation technique to allow treatment of fast two-pulse collisions in linear physical systems, weakly perturbed by nonlinear dissipation.
The main assumption of the generalized perturbation technique is that the smallest relevant length scale (or time scale) in the problem is the collision length (or collision time interval), which is the distance (or time interval) along which the two colliding pulses overlap. This assumption along with the assumptions of a fast collision and weak dissipation allow us to obtain simple scaling relations for the collision-induced amplitude shifts, which are similar in form to the simple scaling relations obtained for fast collisions between two optical solitons in the presence of weak cubic loss.
The rest of the paper is organized as follows. In section II, we obtain the analytic prediction for the collision-induced amplitude shift in a fast collision between two optical pulses in a linear waveguide with weak linear and cubic loss. We then compare the analytic prediction with results of numerical simulations of the collision with the perturbed coupled linear propagation model. In section III, we obtain the analytic prediction for the collision-induced amplitude shift in a fast collision between two concentration pulses in systems described by perturbed coupled linear diffusion-advection models with weak linear and quadratic loss. In addition, we present a comparison of the analytic prediction with the results of numerical simulations with the perturbed coupled linear diffusion-advection model.
In section IV, we present our conclusions. In Appendix A, we derive the relations between the collision-induced amplitude shift and the collision-induced change in pulse shape. Appendix B is devoted to a description of the procedures used for calculating the values of the collision-induced amplitude shift from the analytic predictions and from results of numerical simulations.
II. FAST COLLISIONS IN LINEAR WAVEGUIDES

A. Propagation model
We consider fast collisions between two optical pulses in linear waveguides with weak linear and cubic loss. The dynamics of the collision is described by the following system of perturbed coupled linear propagation equations [3, 8, 21] :
where ψ 1 and ψ 2 are the envelopes of the electric fields of the pulses, z is propagation distance, and t is time [22] . In Eq. (1), d 1 is the group velocity coefficient,β 2 is the secondorder dispersion coefficient, and ǫ 1 and ǫ 3 are the linear and cubic loss coefficients, which satisfy 0 < ǫ 1 ≪ 1 and 0 < ǫ 3 ≪ 1. The terms −sgn(β 2 )∂ 2 t ψ j on the left hand side of Eq.
(1) are due to second-order dispersion, while id 1 ∂ t ψ 2 is associated with the group velocity difference. The first terms on the right hand side of Eq. (1) describe linear loss effects, while the second and third terms describe intra-pulse and inter-pulse effects due to cubic loss.
B. Calculation of the amplitude shift in a fast two-pulse collision
We consider a fast collision between two pulses with generic shapes and with tails that exhibit exponential or faster than exponential decay. We assume that the pulses can be characterized by initial amplitudes A j (0), initial widths W j0 , initial positions y j0 , and initial phases α j0 . Thus, for a collision between two Gaussian pulses, for example, the initial envelopes of the electric fields are:
where j = 1, 2. As another example, for a collision between two square pulses, the initial envelopes of the electric fields are:
where j = 1, 2. We assume a complete collision, such that the two pulses are well separated at z = 0 and at the final distance z = z f .
Let us discuss the implications of the assumption of a fast collision. For this purpose, we define the collision length ∆z c , which is the distance along which the envelopes of the colliding pulses overlap, by ∆z c = W 0 /|d 1 |, where for simplicity we assume W 10 = W 20 = W 0 .
The assumption of a fast collision means that ∆z c is the shortest length scale in the problem.
In particular, ∆z c ≪ z D , where z D = W 2 0 /2 is the dispersion length. Using the definitions of ∆z c and z D , we obtain W 0 |d 1 |/2 ≫ 1, as the condition for a fast collision.
Our perturbative calculation of the amplitude shift in a fast collision is a generalization of the perturbative technique, developed in Refs. [18, 19] for calculating the effects of weak perturbations on fast two-soliton collisions. In an analogy with the fast two-soliton collision case, we look for a solution of Eq. (1) in the form
where j = 1, 2, ψ j0 are the solutions of Eq. (1) without the inter-pulse interaction terms, and φ j describe corrections to ψ j0 due to inter-pulse interaction. By definition, ψ 10 and ψ 20
and
We now substitute relation (4) into Eq. (1) and use Eqs. (5) and (6) to obtain equations for the φ j . We concentrate on the calculation of φ 1 , since the calculation of φ 2 is similar. Taking into account only leading-order effects of the collision, we can neglect terms containing φ j on the right hand side of the resulting equation. We therefore obtain:
Continuing the analogy with the fast two-soliton collision, we substitute ψ j0 (t, z) =
, where Ψ j0 and χ j0 are realvalued, into Eq. (7). This substitution yields the following equation for Φ 1 :
The term on the right hand side of Eq. (8) is of order ǫ 3 . In addition, since the collision length ∆z c is of order 1/|d 1 |, the term i∂ z Φ 1 is of order |d 1 | × O(Φ 1 ). Equating the orders of
Ψ 10 , we find that Φ 1 is of order ǫ 3 /|d 1 |. In addition, we observe that all other terms on the left hand side of Eq. (8) are of order ǫ 3 /|d 1 | or higher, and can therefore be neglected. As a result, in the leading order of the perturbative calculation, the equation for the collision-induced change in the envelope of pulse 1 is:
Equation (9) is similar to the equation obtained for a fast collision between two optical solitons in a nonlinear optical waveguide with weak cubic loss (see Eq. (9) in Ref. [8] ).
The collision-induced amplitude shift of pulse 1 is calculated from the collision-induced change in the envelope of pulse 1. We denote by z c the collision distance, which is the distance at which the maxima of |ψ j (t, z)| coincide. In a fast collision, the collision takes place in a small interval [z c −∆z c , z c +∆z c ] about z c . Therefore, the net collision-induced change in the envelope of pulse 1 ∆Φ 1 (t, z c ) can be evaluated by:
To calculate ∆Φ 1 (t, z c ), we use the approximation: 
The only function on the right hand side of Eq. (10) that contains fast variations in z, which are of order 1, isΨ 20 . As a result, we can approximate
) denotes the limit from the left of A j at z c . Furthermore, in calculating the integral we can take into account only the fast dependence ofΨ 20 on z, i.e., the z dependence that is contained in factors of the form y = t − y 20 − d 1 z.
Denoting this approximation ofΨ 20 (t, z) byΨ 20 (y, z c ), we obtain:
Since the integrand on the right hand side of Eq. (11) is sharply peaked at a small interval about z c , we can extend the limits of the integral to −∞ and ∞. We also change the integration variable from z ′ to y = t − y 20 − d 1 z ′ and obtain:
The total collision-induced amplitude shift of pulse 1 ∆A
1 is related to the net collisioninduced change in the envelope of the pulse ∆Φ 1 (t, z c ) by:
(see Appendix A). Substituting Eq. (12) into Eq. (13), we find that the total collisioninduced amplitude shift of pulse 1 is:
Equation (14) is expected to hold for generic pulse shapes Ψ j0 (t, z) with tails that exhibit exponential or faster than exponential decay. Indeed, in this case the approximations leading from Eq. (10) to Eq. (12) are expected to be valid. Employing Eq. (14) for a fast collision between two Gaussian pulses with initial widths W j0 , we find that the collision-induced amplitude shift in this case is given by:
In a similar manner, using Eq. (14) we find that the collision-induced amplitude shift in a fast collision between two square pulses with initial widths W j0 is given by:
Expressions (14)- (16) are very similar to the expression obtained in Ref. [8] for the amplitude shift in a fast collision between two optical solitons in the presence of weak cubic loss: (11) in Ref. [8] ). Indeed, since the soliton width is W j = 1/η j , we can express the collision-induced amplitude shift of the soliton as:
Based on the similarity between Eqs. (14)- (16) and Eq. (17) we conclude that pulses of the linear propagation equation exhibit soliton-like behavior in fast collisions, and that this behavior is not sensitive to the pulse shape details.
C. Numerical simulations
To validate the predictions for soliton-like behavior in two-pulse collisions, we carry out numerical simulations with Eq. (1). The equation is numerically integrated by employing the split-step method with periodic boundary conditions [3] . 
III. FAST COLLISIONS IN SYSTEMS DESCRIBED BY COUPLED LINEAR DIFFUSION-ADVECTION MODELS
A. Evolution model
We now turn to describe the dynamics of fast collisions between pulses of two substances, denoted by 1 and 2, that evolve in the presence of linear diffusion and weak linear and quadratic loss. In addition, we assume that material 2 is advected with velocity v d relative to material 1. The dynamics of the two-pulse collision is described by the following system of perturbed coupled linear diffusion-advection equations:
where u 1 and u 2 are the concentrations of substance 1 and 2, t is time, x is a spatial coordinate, and ε 1 and ε 2 are the linear and quadratic loss coefficients, which satisfy 0 < ε 1 ≪ 1 and 0 (18) describes advection, while the terms −ε 1 u j correspond to linear loss. The terms −ε 2 u 2 j and −2ε 2 u j u k describe intrasubstance and inter-substance effects due to quadratic loss, respectively.
B. Calculation of the amplitude shift in a fast two-pulse collision
We consider a fast collision between two pulses of substances 1 and 2 with generic shapes and with tails that exhibit exponential or faster than exponential decay. We assume that the pulses can be characterized by initial amplitudes A j (0), initial widths W j0 , and initial positions x j0 . Therefore, for a collision between two Gaussian pulses, for example, the initial concentrations are:
where j = 1, 2. Additionally, for a collision between two square pulses, the initial concentrations are:
where j = 1, 2. We assume a complete collision, that is, a collision in which the pulses are well separated at t = 0 and at the final time t = t f . The assumption of a fast collision means that the time interval ∆t c = W 0 /|v d |, along which the two pulses overlap, is much shorter than the diffusion time t D = W 
where j = 1, 2, u j0 are solutions of Eq. (18) without inter-pulse interaction, and φ j describe collision-induced effects. By definition, u 10 and u 20 satisfy the equations
We substitute relation (21) into Eq. (18) and use Eqs. (22) and (23) to obtain equations for φ 1 and φ 2 . We concentrate on the calculation of φ 1 , as the calculation of φ 2 is similar.
Taking into account only leading-order effects of the collision, we can neglect terms of the form −ε 1 φ 1 , −2ε 2 u 10 φ 1 , −2ε 2 u 20 φ 1 , −2ε 2 u 10 φ 2 , etc. We therefore obtain:
The term −2ε 2 u 10 u 20 on the right hand side of Eq. (24) is of order ε 2 . Equating the orders of ∂ t φ 1 and −2ε 2 u 10 u 20 and taking into account that ∆t c is of order 1/|v d |, we find that φ 1 is of order ε 2 /|v d |. In addition, the term ∂ 2 x φ 1 , which is of order ε 2 /|v d |, can be neglected. Therefore, in the leading order, the equation for the collision-induced change of pulse 1 is:
Equation (25) is similar to Eq. (9) and also to the equation obtained in Ref. [8] for a fast collision between two optical solitons in a nonlinear optical waveguide with weak cubic loss.
We calculate the collision-induced amplitude shift of pulse 1 from the collision-induced change in the concentration of pulse 1. For this purpose, we denote by t c the collision time,
i.e., the time at which the maxima of u j (x, t) coincide. In a fast collision, the collision takes place in a small time interval [t c − ∆t c , t c + ∆t c ] about t c . Therefore, the net collisioninduced change in the concentration of pulse 1 ∆φ 1 (x, t c ) can be evaluated by: ∆φ 1 (x, t c ) = φ 1 (x, t c +∆t c )−φ 1 (x, t c −∆t c ). To calculate ∆φ 1 (x, t c ), we use the approximation: u j0 (x, t) = 
The only function on the right hand side of Eq. (26) that contains fast variations in t, which are of order 1, isũ 20 . Therefore, we can approximate
Additionally, we can take into account only the fast dependence of u 20 on t, i.e., the t dependence that is contained in factors of the form
Denoting this approximation ofũ 20 (x, t) byū 20 (y, t c ), we obtain:
The integrand on the right hand side of Eq. (27) is sharply peaked at a small interval about t c . Therefore, we can extend the limits of the integral to −∞ and ∞. In addition, we change the integration variable from t ′ to y = x − x 20 − v d t ′ and obtain
The total collision-induced amplitude shift of pulse 1 ∆A (c)
1 is related to the collision-induced change in the concentration of the pulse ∆φ 1 (x, t c ) by:
(see Appendix A). Substituting Eq. (28) into Eq. (29), we find that the total collisioninduced amplitude shift of pulse 1 is:
Equation (30) is expected to hold for generic pulse shapes u j0 (x, t) with tails that exhibit exponential or faster than exponential decay. Using Eq. (30) for a fast collision between two Gaussian pulses with initial widths W j0 , we find that the collision-induced amplitude shift in this case is given by:
In a similar manner, we find that the collision-induced amplitude shift in a fast collision between two square pulses with initial widths W j0 is:
Equations (31) and (32) are similar to Eqs. (15) and (16) 
IV. CONCLUSIONS
We demonstrated that pulses of linear physical systems, weakly perturbed by nonlinear dissipation, exhibit soliton-like behavior in fast collisions. The behavior was demonstrated for linear waveguides with weak cubic loss and for systems described by linear diffusionadvection models with weak quadratic loss. We showed that in both systems, the expressions for the collision-induced amplitude shifts due to the nonlinear loss have the same form as the expression for the amplitude shift in a fast collision between two optical solitons in a nonlinear optical waveguide with weak cubic loss. Our analytic predictions are confirmed by numerical simulations with the corresponding coupled linear evolution models with weak nonlinear loss. These results show that conclusions drawn from analysis of fast two-soliton collisions in the presence of weak dissipation can be applied for understanding the dynamics of fast two-pulse collisions in a large class of weakly perturbed linear physical systems, even though the pulses in the linear systems are not shape preserving. Furthermore, our results open the way for studying dynamics of fast collisions between pulses of weakly perturbed linear physical systems in an arbitrary spatial dimension, which is typically impossible for collisions between solitons in systems described by nonlinear Schrödinger models, due to the instability of the solitons in dimension higher than one. In this Appendix, we derive relations (13) and (29) (12) and (28), respectively. We start by considering the linear waveguide system with weak linear and cubic loss, described by Eq. (1) . Employing the relation ψ 1 (t, z c ) = ψ 10 (t, z c ) + ∆φ 1 (t, z c ), we obtain:
Using the definitions of Ψ 10 ,Ψ 10 , and ∆Φ 1 , in Eq. (A1), we obtain:
Expanding the integrand on the right hand side of Eq. (A2), while keeping only the first two leading terms, we arrive at:
where
On the other hand, we can write:
Equating the right hand sides of Eqs. (A3) and (A4), we obtain:
which is the relation used to derive Eq. (14) from Eq. (12).
We now treat systems described by the coupled linear diffusion-advection model (18) .
Using the relation u 1 (x, t c ) = u 10 (x, t c ) + ∆φ 1 (x, t c ), we obtain:
From the definition ofũ 10 (x, t c ) it follows that
Equating the right hand sides of Eqs. (A7) and (A8), we obtain:
which is the relation used to derive Eq. (30) from Eq. (28). 
We express the approximate solution of the propagation equation as ψ j (t, z) = Substituting the relation for ψ j (t, z) into Eq. (B1), we obtain:
where 1 from the simulations, we need to separate the collision-induced amplitude shift from the amplitude shift due to single-pulse propagation. The procedure that we adopt is a generalization of the method used in Refs. [8] and [14] for calculating the collision-induced amplitude shift in two-soliton collisions in the presence of nonlinear loss. More specifically, we calculate the value of ∆A L D = τ 2 0 /|β 2 | is the dispersion length, and τ 0 is the pulse width. The dimensionless time is t = τ /τ 0 , where τ is time. ψ j = E j / √ P 0 , where E j is the electric field of the jth pulse and P 0 is peak power. d 1 = 2(β 12 −β 11 )τ 0 /|β 2 |, whereβ 1j = 1/v gj and v gj is the group velocity of the jth pulse. ǫ 1 = 2τ 2 0ρ 1 /|β 2 | and ǫ 3 = 2P 0 τ 2 0ρ 3 /|β 2 |, whereρ 1 andρ 3 are the dimensional linear and cubic loss coefficients.
[23] The dimensionless coordinate x in Eq. (18) 
